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A modified model Hamiltonian has been proposed for the analysis of a given partial structure 
in the molecule. With this Hamiltonian, some interesting mirror image relationships have been 
derived. The calculated results for the intrinsic energies of hexagons (Benzene Character) in 
hydrocarbons showed that the stability of hexagon is well correlated with the number of Kekule 
structures. 

Attempts to elucidate the electronic structure of a partial structure in the molecule 
are meaningful for the theoretical study of molecular design and drug design. There­
fore, we are doing quantum chemical study of the partial structure (PS). The purpose 
of our theoretical works is to propose useful concepts associated with active electrons 
of a PS in the molecule, such as characteristic energy, valence, regional reactivity, 
redox ability, polarizability and so on. 

In the previous paper!, we proposed a new idea for the PS analysis of conjugated 
systems. We introduced a new type of model Hamiltonian and applied to the analysis 
of Benzene Character of the hexagons in conjugated systems. Benzene is one of the 
most important PS which is closely related to aromaticity. The calculated results 
were in accord with previously proposed indices of aromaticity2 -11 . 

A molecule can be divided into a given PS and a residual part which is obtained 
by deleting all the bonds in the PS. For example in naphthalene, if we choose the 
l.h.s. hexagon as a PS, this molecule is divided into the hexagon and the residual 
part with five bonds shown in Scheme 1. 

Partial structure Residual part 

SCHEME 1 
----------_._----

* Part I[ in the series Partial Structure Analysis of Conjugated Systems; Part I see ref. 1 
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2340 Sakurai, Nishimoto: 

The simplest PS is, of course, an atom in the molecule, and many concepts, such as 
charge density, frontier electron density12, free valence13, and so on, are well 
established with this PS. In naphthalene, some possible PS's can be written as 
depicted in Scheme 2. 

Atomic Structure 

rJ. - carbon f3 - carbon 

Ethylene Structure (or Double Bond Structure) 

1-2 bond 2-3 bond 

Butadiene Structure 

Benzene Structure 

SCHEME 2 

For the convenience, the solid lines in PS are called as inner bonds and the dashed 
lines as outer bonds. 

With our model Hamiltonians, one can see that the whole molecule can be stabi­
lized by the deformation of the residual part. Our model Hamiltonians calculates 
not only the intrinsic energy of a given PS but ah;o an extra energy coming from the 
deformation of the residual part. Our next attack is the calculation of the intrinsic 
stabilization or destabilization energy of a given PS. For this purpose, the residual 
part should be unchanged in the calculation using these model Hamiltonian. In this 
paper, we propose a modified model Hamiltonian which calculates only the intrinsic 
IT-electronic energy of a given PS. 
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THEORETICAL 

At first, we summarize briefly the previous results. We introduce a following model 
Hamiltonian; 

he = h - Lllklk) <kl ' (1) 
k 

where h represents HUckel Hamiltonian and Ik) and Ilk (given by Ilk = Ek - tx) 
denote the k-th MO and MO energy of a reference molecule, respectively. Reference 
molecule means an isolated molecule which has the same molecular ll-electronic 
skeleton as the PS of interest (e.g. benzene for the analysis of Benzene Character 
of the hexagon, see Scheme 3). 

SCHEME 3 

Partial structure 

(Hexagon) 

Reference molecule 

(Benzene) 

The second term of r.h.s. of Eq. (1) represents an energy weighted projection 
operator. Therefore it transforms the bonding or antibonding MO's of the reference 
molecule to nonbonding MO's. If the summation of k runs over the bonding MO's 
of reference molecule, we call this model Hamiltonian as bonding MO's extracted 
Hamiltonian hb (abbreviated as bonding extracted Hamiltonian). Similarly if the 
summation of k runs over the anti bonding MO's of the reference molecule, we call 
it as anti bonding MO's extracted Hamiltonian ha (abbreviated as antibonding 
extracted Hamiltonian). 

We define the degree of PS character, Pc, which is a measure of stabilization or 
destabilization energy of PS as follows; 

PCb = (E - Eb)/E 

PCa = (E - Ea)/E, 

(2) 

(3) 

(4) 

where E, Eb , and Ea are the total ll-electronic energies (in p unit) associated with h, 
hb' and ha, respectively. The first term of r.h.s. of Eq. (2) represents the stabilization 
energy ofPS by taking in the bonding MO's of reference molecule. On the other hand, 
the second term of r.h.s. of Eq. (2) represents the destabilization energy of PS by 
taking in the antibonding MO's of the reference molecule. 
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In this paper, we normalize these energies by E (total IT-electronic energy of the 
reference molecule). This definition gives 1 for PCb, if the PS is isolated in the molecule 
(as the case of reference molecule). In this case, PCa becomes to be zero. In the case 
of alternant hydrocarbons, we obtained the following relation 

PCb - PCa = 1. (5) 

Therefore, when we calculate PCb, the value of PCa is immediately obtained by Eq. (5). 
We also found out that the pairing theorem is hold for the 1/11 and el associated 

with hb and the I/IN-I+1 and eN-i+l associated with ha. It should be noted that the 
well known pairing theorem of Coulson and Rushbrookel3 is only hold for the 
parent Hamiltonian h of an alternant hydrocarbon. 

As an example, we apply the extracted Hamiltonian to the analysis of Benzene 
Character for the hexagon in naphthalene. The calculated bond orders associated 
with h, hb' and ha are given in Table I, where the l.h.s. hexagon is analysed. We shall 
discuss the origin of the change in bond orders by using the unitary transformation 
of basis set. We represent MO's associated with hb by a linear combination of the 
parent MO's of naphthalene. The results are given in Table II. , 

It is seen from this table that occupied MO's associated with hb include the vacant 
MO's of naphthalene. This is due to the following reasons. In the variational proce­
dure, the extracted Hamiltonian hb can operate on the full space of naphthalene 
MO's, which are spanned by five bonding MO's and five anti bonding MO's. There­
fore the calculated results by hb are not restricted within the variational space 
spanned by the occupied MO's of parent molecule (occupied MO's of naphthalene). 
Since the bonding MO's of benzene become to the non bonding MO's in the calcula­
tion with hb' the bonding MO's of benzene cannot contribute to the stabilization 
of hexagon. 

TABLE J 

Calculated bond orders associated with h, hb' ar.d ha (atom numbering see Fig. 2) 

Bond h hb ha 

1-2 0·725 0·753 0'753 
2-3 0·603 0·599 0·599 
1-6 0'555 0·412 0·412 
5-6 0'518 0'376 0'376 
6-10 0·555 0'708 0'708 
8-9 0·603 0·681 0'681 
9-10 0·725 0'606 0·606 

~.-------.-- ._- ------ ------_.- ------ - ----------
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Contrary to the case of h, the vacant (antibonding) MO's of naphthalene work to 
lower the total n -electronic energy associated with hb • In other words, this means 
that the residual part deforms and causes the stabilization of the whole molecule. 
Thus occupied MO's associated with hb cannot be obtained by the unitary transfor­
mation of occupied MO's (bonding MO's) of the parent molecule associated with 
the parent Hamiltonian h. Therefore, the occupation number of bonding MO's 
associated with hb is slightly different from that of occupied MO's associated with h. 
This indicates that MO's associated with hb are slightly different in character from 
that with h. 

The calculated PCb consists of two terms. One is the intrinsic energy of a given 
PS, another is a relaxation energy of residual parts. This relaxation represents the 
flexibility of residual structure, when the PS cannot be stabilized by taking in the 
bonding MO's of the reference molecule. The flexibility may increase with the number 
of outer bonds and the strength of those connected between the PS and residual 
parts. and also the size of residual parts. 

When the inner bonds in the PS are destroyed in the course of chemical reaction, 
this flexibility plays an important role for the lowering of the activation energy. 
Thus orbital deformation due to the participation of the vacant MO's associated 
with h into the occupied MO's associated with hb plays a role of "energy buffer" 
in the chemical reaction, if it takes place at the region of PS. 

In this paper, in order to calculate the intrinsic energy of PS, we introduce modified 
extracted Hamiltonians, in which we reinforce some requirements to insure that 

TABLE II 

LCMO coefficients for the MO's associated with hb • where the MO's of parent molecule (na-
phthalene) are used as MO basis set 

Occupied MO Vacant MO 
MO 

qJI qJ2 qJ3 qJ4 'P5 'P6 'P7 'P8 'P9 'PIa 

'PI 0'706 -0'664 0'000 0'240 0·000 -0'046 0'000 -0'025 0'000 0'000 
'P2 0·000 0'000 -0'857 0'000 -0'516 0'000 0'000 0'000 -0'007 0'005 
'P3 0·472 0'234 0'000 -0'800 0'000 -0'266 0'000 -0'112 0'000 0'000 
1p4 0·482 0'708 0'000 0'516 0'000 -0'064 0'000 -0'033 0'000 0'000 
Ips 0'000 0'000 -0'515 0'000 0·856 0'000 0'000 0'000 -0'036 0'022 

'P6 --0'174 -0'071 0'000 -0'158 0'000 0'942 0'000 0'229 0'000 0'000 
'P7 0'000 0'000 0'000 0'000 0'000 O'OOD 1'000 0'000 0'000 0'000 
'P8 0·131 0'051 0'000 -0'106 0·000 0'189 0'000 0'966 0'000 0'000 
'P9 0'000 0'000 -0'024 0'000 0'027 0'000 0'000 0'000 0'999 0'001 
'PIO 0'000 0'000 0'016 0'000 -0'017 0'000 0'000 0'000 -0,006 1'000 
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occupied MO's associated with hb and ha can be obtained by the unitary transforma­
tion of occupied MO's (bonding MO's) associated with h. In the same way, the vacant 
MO's associated with those Hamiltonians can be obtained by the unitary transforma­
tion of the vacant MO's (antibonding MO's) associated with h. 

The modified extracted Hamiltonian can be expressed as follows 

occ occ 

hr. = h - I I LekCikCjkl i) <il ' (6) 
i j k 

where Cik and Cjk stand for the overlap between i-th and j-th occupied MO's of the 
parent molecule and k-th MO of the reference molecule, respectively. In the modified 
bonding extracted Hamiltonian h rb, the summation of k runs over all of the bonding 
MO's of the reference molecule, while in the modified antibonding extracted Hamil­
tonian hra' the summation of k runs over all of antibonding MO's of the reference 
molecule. The summations of i and j run over the occupied MO's of the parent 
molecule. 

It should be noted that if the summations of i and j run over the all of the MO's 
of the parent molecule, then the modified Hamiltonians, h rb and h ra become to be 
the same with the previously proposed extracted Hamiltonians, hb and ha' respecti­
vely, because of the completeness of these MO's. 

Comparing Eq. (1) with Eq. (6), one can see that the MO's of the parent molecule 
are introduced as the projection operator in the modified extracted Hamiltonians. 
If we use these Hamiltonians, the vacant MO's of the parent molecule cannot 
contaminate the occupied MO's associated with hrb or hra. 

In order to understand the effect of the second term of r.h.s. of Eq. (6), we re-

0:0:0:0:0 
--t---t---~---t--

0:0:0:0:0 
~h~~~V~~~~---~--~--~--4--

0:0:0:0:0 
~~~~; ___ ~ __ ~ __ ~ __ J __ 

0:0:0:0:0 __ L __ L __ l. __ ...1 __ 
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Matrix represer.tation of hrb using MO 
basis s~t of parent MO's (MO's of naphtha­
lene). 66 '" 6 1 0 represent the energies of 
vacant MO's of naphthalene. The shaded 
p:uts represent the non-zero matrix elements 
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present hrb using MO basis set of parent MO's. The matrix elements for the analysis 
of the l.h.s. hexagon in naphthalene are schematically shown in Fig. 1. In hrb, the 
couplings between occupied MO's and vacant MO's are completely removed. Thus 
vacant MO's associated with h cannot mix into the occupied MO's associated with 
hrb. The same situation occurs for the case of hra. 

Figs 2 and 3 give the calculated matrix elements of matrix representations asso­
ciated with hb and hrb, respectively, in AO basis set for the analysis of the l.h.s. 
hexagon in naphthalene. In these figures, the matrix elements are very similar to 
each other. It should be noted that matrix elements exist not only between the 

3 4 5 6 

1 -0.667 
2 0.500 -0.667 
3 -0.167 0.500 -0.667 
4 0.000 -0.167 0.500 -0.S67 
5 -0.161 0.000 -0.167 0.500 -0.661 
6 0.500 -0.167 0.000 -0.167 0.500 -0.667 
7 0.000 o.noo 0.000 0.000 LOOn 0.000 
8 0.000 0.000 0.000 0.000 0.000 0.000 
9 0.000 0.000 0.000 0.000 0.000 0.000 

10 0.000 0.000 0.000 0.000 0.000 1.000 

FIG. 2 

8 10 

1 10 

2~9 
3~O 

4 7 

o.oon 
1.000 0.000 
0.000 1.000 0.000 
0.000 0.000 1.000 0.000 

Matrix representation of hb using AO basis set for naphthalene and the numbering of atoms. 
Only lower triangle matrix elements are shown 

FIG. 3 

2 3 5 

1 -0.6~2 
2 0.413 -0.666 
3 -0.179 0.515 -0.666 
4 0.026 -0.179 0.413 -0.b42 
5 -0.121 -0.036 -0.196 0.573 -0.543 
6 0.573 -0.196 -0.036 -0.121 0.597 -0.543 
7 -0.049 0.011 -0.008 -0.085 0.840 -0.143 -0.052 

8 10 

1 10 

2~9 
3~8 

4 7 

B 0.015 -0.013 0.010 0.058 0.OS2 0.073 1.029 -0.017 
9 0.058 0.010 -0.013 0.015 0.073 0.092 0.027 0.986 -0.017 

10 -0.085 -0.008 0.011 -0.049 -0.143 0.840 -0.050 0.027 1.029 -0.052 

Matrix representation of hrb using AO basis set for naphthalene and the numbering of atoms. 
Only lower triangle matrix elements are shown 
--_ .. - ... _------------_._----
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nearest neighbour sites but also between the other non-neighbouring sites. Some 
main matrix elements can be graphically shown as in Scheme 4. 

SCHEME 4 

In this graph, the matrix elements from non-neighbours are given. We call these 
non-neighbour matrix elements as "phantom interaction", because they originally 
come from the propagation of electrons to the non-neighbour sites through the 
delocalized MO's of the reference molecule and the parent one. 

When we diagonalize hb' hrb, and hra, we obtain the modified MO's and MO 
energies, which are shown in Figs 4 - 6. It is seen that the MO's associated with 
hrb are almost same with those associated with hb. The reason for this is that the 
matrix elements associated with these Hamiltonians are very similar to each other. 
It should be noted that the vacant MO's and the MO energies associated with both 
hrb and hr. are exactly same with those of the parent molecule. Moreover, the occu­
pied MO's associated with hr. are very similar to those associated with h, because 
the hexagon slightly takes in the antibonding MO's of benzene. 

0)1.790 ¢:::J -0.795 
0) 

1.793 r))-0.619 

~1.0IB CO-1.000 ~ 1.017 m-1.000 

OOo.~15 0)-1.411 (l) 0.299 00-1.303 

W o.ooo (0-1.623 (0 0.007 (0-1.618 

CO-O.087 (0-2.307 ¢) -0.091 00-2.303 

FIG. 4 Flo. 5 

MO's and MO energies associated with hb MO's and MO energies associated with h rb 
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One can obtain the occupied MO's associated with hrb or hr. by the unitary trans­
formation of the occupied MO's of parent molecule. As an example for the analysis 
of l.h.s. hexagon in naphthalene, the occupied MO's associated with hrb can be 
expressed as the linear combination of occupied MO's of parent naphthalene as 
given in Table Ill. Therefore, physical properties coming from the nature of total 
II-electrons such as charge densities and bond orders calculated by hrb are exactly 
same with those calculated by the parent Hamiltonian. However, since we use the 
different Hamiltonians, total II -electronic energies are different. 

Degree of PS character, P Cn associated with the modified extracted Hamiltonians 
can be written as follows: 

PCr = PCrb + PCr• (7) 

Pcrb = (E - Erb)jE (8) 

PCra = (E - Era)jE, (9) 

where E, Erb , and Era are total II-electronic energies (in f3 unit) calculated by h, 
h rb, and hra , respectively. 

For altemant hydrocarbons, the following relation holds 

PCrb - PCra = 1 (10) 

which is similar to Eg. (5) for the case between hb and ha• 

TABLE Ilr 
LCMO coefficients for the MO's associated with h rb• where the MO's of parent molecule 
(naphthalene) are used as MO basis set 
~.-.----- ---------- ----_. ----

Occupied MO Vacant MO 
MO -~ 

tpl tp2 tp3 tp4 tp5 tp6 tp7 tps tp9 {Ill 0 

----------

(PI 0'699 -0'670 0'000 0'251 0'000 0'000 0'000 0'000 0'000 0·000 

tp2 0'000 0'000 -0'856 0'000 -0'5\6 0'000 0'000 0'000 0'000 0'000 

{113 0·476 0'\73 0'000 -0'862 0'000 0'000 0'000 0'000 0'000 0'000 

tp4 0'534 0'722 0'000 0·440 0'000 0'000 0'000 0'000 0'000 0'000 

lfJ5 0'000 0'000 ~ O' 5\6 0'000 0'856 0'000 0'000 0'000 0'000 0'000 

lfJ6 0'000 0'000 0'000 0'000 0'000 1'000 0'000 0'000 0'000 0'000 

{II 7 0'000 0'000 0'000 0'000 0'000 0'000 1'000 0'000 0'000 0'000 

lfJs 0'000 0'000 0'000 0'000 0·000 0'000 0·000 \'000 0'000 0'000 

lfJ9 0·000 0'000 0·000 0'000 0'000 0'000 0'000 0·000 \·000 0'000 

lfJIO 0'000 0'000 0'000 0'000 0'000 0'000 0'000 0'000 0'000 \·000 
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For altern ant hydrocarbons, there is an interesting mirror image relationship 
between the occupied MO's and MO energies associated with hrb and the vacant 
MO's and MO energies associated with h;a, where the prime means that the summa­
tions of i and j run over the vacant MO's of the parent molecule, instead of the 
occupied MO's in Eq. (6). This mirror image relationship is shown in Figs 5 and 7. 
Similarly there is a mirror image relationship between the occupied MO's and MO 
energies associated with hra and those associated with h;b as shown in Figs 6 and 8. 

RESULTS AND DISCUSSION 

We calculated the Pcr's of the hexagons in some alternant hydrocarbons using modi­
fied extracted Hamiltonians. This PCr value represents the Benzene Character of the 
hexagon. The results are shown in Fig. 9. It should be noted that since Eb > E rb, 

by definition, the PS character calculated by hrb is slightly larger than that calculated 
by hb • Thus PCrb > PCb' .t1Pc = PCrb - PCb represents the flexibility of the electronic 
structure of the residual part due to the ability of taking in the vacant MO's of the 
parent molecule. Therefore it might relate closely with the polarizability of the 
residual part. .t1Pc increases with increasing the number of outer bonds connecting 
the PS and the residual part and the strength between them. 

It is interesting to calculate the value of PCr of hexagons in quinones, because 
in these molecules the delocalization of Tl-electrons seems to be rather difficult and 
the double and single bonds are almost fixed. 

0)1.306 (0-0.618 0) 2.303 ~0.091 
0)1.611 ro-1.000 

00 1.360 
(0-1.303 

0)1.618 (I)-o.o", 
CO 1.303 (1)-0.193 

0)1.000 ro-1.618 

¢) 0.714 
0)-1.303 

001.000 CO-I.OI7 
Ct)0.618 ~-1.783 

FIG. 6 FIG. 7 

MO's and MO energies associated with hra MO's and MO energies associated with h;b 
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The calculated Benzene Characters for some hexagons in neutral quinons and cor­
responding dianions are shown in Figs 10 and 11. When p-benzoquinone receives 
two electrons, then two resonant Kekule structures can be written in the hexagon 
part. Therefore, in p-benzoquinone dianion the Benzene Character is expected to be 
large, and it is to be small in neutral p-benzoquinone. The results are shown in 
Scheme 5. 

a 

o 
a 

Neutral Dianion 

SCHEME 5 

The calculated results are in good agreement with this expectation. The major con­
tribution to P Cr is P Crb' The destabilization due to P Cra is very small. Detailed analysis 
of P Cr shows that the largest contribution to P Crb in dianion is CfJ3 of benzene. Namely 
CfJ2 of benzene works to form the quinoid structure of neutral p-benzoquinone. 

r:)) 1.303 00-0.714 

0:)1.618 m- I .ooo 

00 1.303 c:o -1.3£0 

ro l .OOO 0:)-1.611 

0) 0.618 0)-2.306 

FIG. 8 FIG. 9 

MO's and Me energies associated with h~a Values of PCr . 103 for the hexagons in some 
alternant hydrocarbons 
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Participation of ({J3 in dianion assists the de localization of ll-electron in hexagon 
part and realizes the two resonant Kekule structures (see Scheme 6). 

SCHEME 6 

FIG. 10 

o 

~ 
~ 

o 

o 

¢ ¢ 
o o o 

o o o 

Values of PCr • 103 for the hexagons in p-benzoquinone type molecules. The upper values are 
for the neutral molecules and lower values for the dianions. Parameters for heteroatoms (IX' = 

~ 0( + hP for oxygene atom, P' = kP for C=O bond) are h = 1·0 and k = 1·1, respectively 

0 0 0 

Qlt( 935 
0 0 0 

0 0 

0 0 0 

0 

FIG. 11 

Values of PCr . 103 for the hexagons in a-benzoquinone type molecules. The upper values are 
for the neutral molecules and lower values for dianions. Parameters for heteroatoms (IX' = 0( + liP 
for oxygene atom, P' = kP for C=O bond) are h = 1·0 and k = 1·1, respectively 
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From Figs 10 and 11, it is found that increase of P Cr in the dianion is almost 
localized in the area of hexagon of quinone structure. The values of P Cr of hexagons 
in neutral quinons are well correlated with the number of possible Kekule structures 
of the hexagon in a given molecule. For example, let us consider molecules shown 
in Scheme 7. 

SCHEME 7 

o~ 

o~ 

o 

~ 
o 

In case of 1,4-naphthoquinone, the l.h.s. hexagon has resonant two Kekule struc­
tures. Therefore the calculated Benzene Character is quite large, while in 2,3-naphtho­
quinone, the l.h.s. of hexagon cannot have resonant Kekule structures and the 
calculated Benzene Character is very small. In dianion, the l.h.s. hexagon of 2,3-
-naphthoquinone has two Kekule structures. Therefore, in this case the Benzene 
Character becomes very large compared with the neutral species (see Scheme 8). 

Neutral Dianion 

SCHEME 8 

The following molecule is very interesting, because if an electron is transfered 
from the three-membered ring to the oxygen, it makes to form stable HUckel 4n + 2 
n-electron systems each other (see Scheme 9). 

o 

SCHEME 9 

pv[anzatlon • Pc; = 935 
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2352 Sakurai, Nishimoto 

Therefore, if this molecule is polarized easily, the Benzene Character of the hexagon 
becomes very large. The calculated results support this tendency. 

The sum of bond orders of inner bonds in a given PS generally increases with the 
value of P Cr of the PS of interest. This can be easily understood in the case of the 
hexagons in quinone molecules. In neutral p-benzoquinone, there exist only two 
double bonds in the hexagon part, however in dianion we can draw three double 
bonds in two resonant Kekule structures for the hexagon. 

The decrease of the number of the inner double bonds in the partial structure is 
nothing but the indication of weakening of bonds in it and then it causes the decrease 
of the value of P Cr' By compensation for the weakening of bonds of hexagon in neutral 
quinone, the PS can form outer double bonds with oxygen. Thus we can conclude 
that formation of strong outer double bonds decreases the value of P Cr' This suggests 
an alternative method to estimate the stabilization of the partial structure. The 
stabilization of PS (forming inner bonds) and that of whole molecule (forming outer 
bonds) compete with each other in a molecule. In actual molecules these two factors 
are well-balanced. 

This work was partly supported by the Grant-in-Aid for Special Research Projects on the funda­
mental study on molecular design (No. 62124035) from Ministry of Education, Science and Culture. 
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